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Supplementary for Polarimetric
Full-Wavefield Coherent Lidar
This supplementary document provides complementary material that supports and extends
the main paper. Section 1 details the reconstruction framework, including the derivation of
the coherent polarimetric measurement model, the estimation of the heterodyne noise variance,
and the definition of polarimetric descriptors. Section 2 presents our polarimetric calibration
procedure, including the validation of the unitary approximation for the system polarization
response, a global-phase-invariant calibration formulated in the Mueller domain, and a perfor-
mance evaluation of the calibrated model with a varying number of measurements. Section 3
investigates polarization speckle through modeling and experiments, including how speckle
statistics vary with field of view and illumination spot size. Section 4 describes the Mueller matrix
representation derived from the recovered Jones measurements, supported by physics-based
simulations and experimental validation. Section 5 provides additional comparisons against
baseline reconstruction algorithms and discusses practical limitations.

1. RECONSTRUCTION

A. Derivation of Statistical Measurement Model
This section provides a complete derivation of the statistical measurement model used in our
reconstruction. Starting from the polarimetric coherent measurement model in Eq. (3), we
separate the received baseband field into a deterministic coherent return driven by the modulated
transmitted waveform and a zero-mean random component that captures scattering and receiver
noise. Under the strong-LO approximation and independence assumptions [1], we show that the
two-channel measurement follows a complex Gaussian distribution Erx(t) ∼ CN (µ(t), Σ(t)). We
then derive the closed-form expressions for the mean µ(t) and covariance Σ(t) in Eq. (6).

Polarimetric coherent measurement model. Let Etx(t) ∈ C2 and Erx(t) ∈ C2 denote the transmitted
and received complex Jones vectors in two orthogonal polarization channels. Following Eq. (3) in
the main paper, the coherently detected complex baseband signal can be written as

Erx(t) = κ E†
LO(t)

(
∑
k

Jk Etx(t − τk) ej2πνkt

︸ ︷︷ ︸
≜ Ecoh(t)

+Erand(t)
)
+ η(t), (S1)

where ELO(t) is the local-oscillator field, κ is a heterodyne mixing constant, (·)† denotes Hermitian
transpose, Jk ∈ C2×2 is the polarimetric impulse response at delay bin k, η(t) ∈ C2 models receiver
noise (electronic + shot noise after coherent detection), τk denotes the round-trip propagation
delay, and νk denotes the corresponding Doppler frequency shift. The coherent sum is defined
as Ecoh(t). The term Erand(t) ∈ C2 aggregates random scattering contributions that are not
phase-stable with respect to the modulated coherent return.

Assumptions. We adopt the standard strong-LO approximation: the LO is treated as determinis-
tic (given time t), and the detection is linear in the signal field [1]. We further assume that Erand(t)
and η(t) are independent, zero-mean, complex random vectors:

E[Erand(t)] = 0, E[η(t)] = 0, E[Erand(t) η†(t)] = 0. (S2)

Mean of Erx(t). Taking expectation of Eq. (S1) and using Eq. (S2) yields

µ(t) ≜ E[Erx(t)] = κ E†
LO(t)E[Ecoh(t) + Erand(t)] + E[η(t)]

= κ E†
LO(t) Ecoh(t) = κ E†

LO(t) ∑
k

Jk Etx(t − τk) ej2πνkt. (S3)

Covariance of Erx(t). Define the zero-mean fluctuation δErx(t) = Erx(t)− µ(t). From Eq. (S1)–
Eq. (S3),

δErx(t) = κ E†
LO(t) Erand(t) + η(t). (S4)



Hence the covariance (for circular complex vectors) is

Σ(t) ≜ E
[
δErx(t) δE†

rx(t)
]
= |κ|2 ∥ELO(t)∥2

2 E
[
Erand(t)E

†
rand(t)

]
︸ ︷︷ ︸

≜ Crand(t)

+E
[
η(t)η†(t)

]
︸ ︷︷ ︸

≜ Cη(t)

. (S5)

The random-scattering term Erand(t) models the contribution of unpolarized light. A standard
statistical characterization of unpolarized light is that its coherency matrix is proportional to the
identity:

Crand(t) = λ2(t) I2, (S6)

where the scalar λ2(t) ≥ 0 is the unpolarized power in each polarization channel. This definition is
consistent with the eigendecomposition of the coherency matrix in Eq. (4): when the received field
is modeled as a coherent rank-1 component plus an isotropic unpolarized term, λ2(t) corresponds
to the smaller eigenvalue of Cout(t) and therefore quantifies the strength of the unpolarized
contribution. Similarly, the heterodyne receiver noise is well-approximated as independent and
identically distributed across the two detected polarization channels [2]:

Cη(t) = σ2
het(t) I2. (S7)

Substituting Eq. (S6)–Eq. (S7) into Eq. (S5) gives

Σ(t) =
(

σ2
het(t) + |κ|2 ∥ELO(t)∥2

2 λ2(t)
)

I2 =
(
σ2

het(t) + β(t)
)
I2, (S8)

where we let
β(t) = |κ|2 ∥ELO(t)∥2

2 λ2(t). (S9)

Complex-Gaussian process. Eq. (S1) is an affine transform of independent circular complex
Gaussian terms, and the sum of independent Gaussians is Gaussian; therefore, the measurement
follows

Erx(t) ∼ CN
(
µ(t), Σ(t)

)
, (S10)

where µ(t) is given by Eq. (S3), and Σ(t) is given by Eq. (S8).

B. Estimation of Heterodyne Noise Variance
To disentangle the scene-dependent incoherent power β(t) from the heterodyne noise variance in
Σ(t), we estimate a global heterodyne noise variance σ2

het from a depth region where no scene
signal returns and the measurements are dominated by receiver noise. Let P = {X, Y} denote the
two polarization channels. For each polarization pair (p, q) ∈ P ×P , we compute the discrete
cross-correlation between the received channel Erx,p(t) and the known transmitted waveform
Etx,q(t),

gpq[n] ≜ ∑
t

Erx,p(t) E∗
tx,q(t − n), (S11)

and extract a length-D segment {gpq[n0 + k]}D−1
k=0 aligned with the delay index k used in re-

construction. Because the effective overlap between the shifted waveforms varies with lag,
we normalize the correlation energy by the overlap energy of the transmitted channel at the
corresponding lag. For each delay index k, we define

σ̂2
pq(k) ≜

∣∣gpq[n0 + k]
∣∣2

Etx,q(k)
, Etx,q(k) ≜ ∑

t∈D(k)

∣∣Etx,q(t)
∣∣2, (S12)

where D(k) denotes the set of samples that overlap for the lag corresponding to delay k. We then
aggregate the four polarization-pair estimates using the median to obtain a per-delay noise curve,

σ̂2(k) ≜ median(p,q)∈P×P σ̂2
pq(k). (S13)

Finally, we estimate the global heterodyne noise variance as the median of σ̂2(k) over a depth
region K where no scene return is expected:

σ̂2
het ≜ mediank∈K σ̂2(k). (S14)

This procedure yields a stable estimate of the noise floor while remaining insensitive to occasional
outliers and residual weak returns.
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Fig. S1. Per-pixel and spatial polarimetric descriptors. (a) Scene images. (b) Incoherent power
β(x, y), indicating residual returns not explained by a single coherent surface Jones response.
(c–d) Per-pixel diattenuation and retardance derived from the recovered surface Jones matrices
Jsurf(x, y), where diattenuation and retardance encode amplitude imbalance and phase delay,
respectively, between orthogonal polarization channels, thereby revealing material-dependent
polarimetric contrast. (e) Spatial degree of polarization (SDoP) computed from locally aver-
aged Mueller matrices, summarizing the spatial consistency of the recovered polarization;
metallic and dielectric surfaces exhibit clearly different SDoP patterns.

C. Per-pixel and Spatial Polarimetric Descriptors
After decoupling the surface response via Eq. (9), we obtain the per-pixel surface-reflection Jones
matrix Jsurf(x, y), where (x, y) indexes the image pixel location, together with the incoherent
power β(x, y) estimated by our statistical model. As illustrated in Fig. S1, these outputs enable
both (1) per-pixel physically interpretable polarization descriptors and (2) spatially aggregated
polarimetric statistics that summarize polarization speckle and micro-geometry over a region.

Incoherent power β. In our complex-Gaussian measurement model, the received field is decom-
posed into a coherent component explained by the modulated waveform and the estimated
Jones response, and a residual component that captures multiply scattered light, background
illumination, and other unmodeled fluctuations. We represent this residual as an additive,
polarization-isotropic covariance term and estimate its power as the incoherent power β(x, y).
Intuitively, β increases in regions where the return exhibits reduced second-order coherence, and
remains low when the received field is well-explained by a single coherent Jones response. We
use β both to assess model fit and to measure the incoherent power.

Per-pixel diattenuation and retardance. Given the recovered surface Jones matrix Jsurf(x, y) ∈ C2×2,
we extract per-pixel polarimetric descriptors via the polar decomposition

Jsurf = UH, (S15)

where U is unitary and H is Hermitian positive semidefinite. This decomposition separates
phase-only polarization evolution (U) from amplitude anisotropy (H).

Diattenuation. Let σ1 ≥ σ2 ≥ 0 denote the eigenvalues of H. We define the diattenuation as

D ≜
σ1 − σ2
σ1 + σ2

∈ [0, 1], (S16)

which quantifies the relative imbalance between the two principal polarization attenuation
axes. This definition is monotonically equivalent to the conventional diattenuation defined from
J†J [3, 4].

Retardance. Retardance δ measures the relative phase delay between orthogonal polarization
channels, capturing surface-induced birefringence independently of global phase. It is determined
from the unitary factor U through a phase-invariant trace relation,

δ ≜ 2 arccos
(
|tr(U)|

2

)
∈ [0, π], (S17)
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which is invariant to any global phase multiplying U.

Spatially aggregated polarimetric statistics SDoP. Beyond per-pixel polarimetric descriptors, the
recovered surface response also exhibits spatial fluctuations caused by micro-geometry and
coherent interference, leading to polarization speckle. To summarize the local spatial polarimetric
structure, we compute the spatial degree of polarization (SDoP) from the spatially averaged Mueller
matrix. Given a region of interest, we first map each recovered Jones matrix Jsurf(x, y) to its
corresponding Mueller matrix M(x, y) ∈ R4×4 using the standard Jones-to-Mueller mapping
M = M(J) [4]. Importantly, this mapping is invariant to the Jones global phase: M(ejϕJ) =
M(J), which makes the following spatial statistic robust to interferometric phase drift. We then
form the spatially averaged Mueller matrix

M̄ ≜
1
|Ω| ∑

(x,y)∈Ω
M(x, y), (S18)

where Ω denotes the ROI and |Ω| is the number of pixels. From M̄, we compute SDoP as

SDoP ≜

√
∥M̄∥2

F − M̄2
00

3 M̄2
00

, M̄00 > 0, (S19)

where ∥ · ∥F is the Frobenius norm and M̄00 is the (0, 0) entry of M̄. This normalization yields
SDoP ∈ [0, 1] in the ideal case: SDoP = 1 for a pure polarimetric response, and it decreases
as spatial averaging mixes polarization states within the ROI. We note that spatial averaging
is essential in this construction. Since each per-pixel Mueller matrix M(x, y) is derived from a
single Jones matrix, it represents a fully polarized response and therefore yields SDoP = 1 in the
absence of spatial averaging.

Fig. S1 provides a qualitative view of the recovered descriptors discussed above. The incoherent
power β aggregates the residual, incoherent return that is not explained by a single coherent
surface Jones response, including contributions induced by depolarization and multiple scattering.
The remaining polarimetric descriptors characterize complementary aspects of the recovered
polarimetric response either per-pixel or over a local spatial region.

In particular, retardance and SDoP discriminate between metallic and dielectric regions. In
the first scene, the tape on the lamp is difficult to isolate from the scene image due to the similar
albedo, yet it becomes clearly visible in the retardance and SDoP maps. In the second scene, the
metallic cat exhibits distinct retardance and SDoP patterns relative to the dielectric background,
consistent with the different polarization behavior of conductive versus non-conductive surfaces.
Overall, the combination of β and polarimetric descriptors provides richer cues for surface
understanding.

D. Stability of the Jones/β Decomposition under Anisotropic Covariance
Our reconstruction model assumes that the residual random term and the receiver noise can be
approximated by a scalar covariance, Σ(t) =

(
σ2

het + β(t)
)

I2, where σ2
het denotes the heterodyne

noise variance and β(t) represents the incoherent power. This model is exact when the residual
random term and receiver noise are polarization-isotropic. In the presence of anisotropic depo-
larized covariance or polarization-dependent noise, this scalar-covariance model becomes an
approximation. We therefore evaluate the stability of the Jones/β decomposition under controlled
covariance mismatch.

Synthetic experiment setup. To isolate the effect of covariance mismatch, we generate the deter-
ministic coherent return using our depth–Doppler–Jones forward model, which corresponds to
the coherent component measured by the modem under the homodyne detection scheme. We
then perturb only the residual covariance away from a scalar multiple of the identity. Specifi-
cally, we introduce anisotropic depolarized covariance and quantify the perturbation using the
covariance anisotropy level a(Σtrue) ∈ [0, 1]:

a(Σtrue) =
λmax(Σtrue)− λmin(Σtrue)

λmax(Σtrue) + λmin(Σtrue)
, (S20)

where Σtrue denotes the true 2 × 2 residual covariance matrix used to generate the synthetic noise,
and λmax(Σtrue) and λmin(Σtrue) are its largest and smallest eigenvalues, respectively.
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(a) Jones reconstruction error (b) Depth recovery robustness (c) Velocity recovery robustness

Fig. S2. Stability of the Jones/β decomposition under covariance anisotropy. (a) The Jones
relative error varies only within about 3% as the covariance anisotropy level increases from
0 to 0.8, indicating gradual degradation rather than abrupt failure. (b–c) Depth and velocity
recovery remain above 70% accuracy even at the strongest tested anisotropy level.

Results. As shown in Fig. S2, the decomposition remains relatively stable as the covariance
anisotropy level increases. Across the tested anisotropy range from 0 to 0.8, the Jones relative
error varies only within about 3%, while the depth and velocity accuracies decrease gradually but
remain above 70% even at the strongest tested anisotropy level. These results indicate graceful
degradation rather than breakdown under anisotropic covariance mismatch.

Reason for stability. The observed stability comes from three aspects of the reconstruction. First,
as shown in Eq. (8) of the main paper, the optimization objective regularizes the depth–velocity
Jones response volume with a sparsity-promoting term, suppressing spurious responses and
improving the stability of the inversion.

Second, even when the true residual covariance is anisotropic, its average power can still be
represented by the scalar variance term. Specifically, the true covariance can be decomposed into
an isotropic component and a zero-trace anisotropic residual:

Σtrue =
tr(Σtrue)

2
I2︸ ︷︷ ︸

isotropic component

+ ∆︸︷︷︸
anisotropic residual

, tr(∆) = 0. (S21)

Our scalar covariance model captures the isotropic component through β, while only the anisotropic
residual ∆ remains unmodeled. Therefore, covariance anisotropy introduces a gradual model
mismatch rather than an abrupt failure, causing the recovered Jones response to degrade smoothly
as the anisotropy increases.

Third, depth and velocity estimation depend primarily on the location of the dominant response
in the recovered depth–Doppler Jones volume, rather than on the exact value of every Jones
matrix element. Specifically, we form the Frobenius-norm energy map

E(k, m) = ∥Jk,m∥2
F, Ed(k) = ∑

m
E(k, m), (S22)

and estimate the depth and velocity indices as

k⋆ = arg max
k

Ed(k), m⋆ = arg max
m

E(k⋆, m). (S23)

Therefore, moderate covariance mismatch may bias the recovered Jones matrix values, but depth
and velocity remain stable as long as the dominant depth–Doppler peak is preserved.

E. Empirical Stability of Joint Reconstruction
The joint reconstruction of depth, velocity, Jones response, and incoherent power β is a non-convex
inverse problem, so trade-offs and local minima may exist in principle. To evaluate its practical
stability, we repeat the same reconstruction on a captured measurement from a single scanned
point on a dielectric surface using different random initializations. For all trials, the measured
waveform, depth–Doppler reconstruction grid, hyperparameters, and optimization settings are
fixed; only the random initialization is varied.
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Fig. S3. Empirical stability analysis of the joint reconstruction under random initialization.
(a) Reconstruction consistency across repeated runs with different random initializations. From
top left to bottom right, we show the recovered Jones energy, incoherent power β, depth, and
velocity for each trial, together with the mean and standard deviation across runs. All recov-
ered quantities remain highly consistent, indicating reliable convergence. (b) Two-dimensional
distribution of the recovered solutions in the Jones-energy–β plane. The recovered values from
different trials are tightly clustered in a small region, showing that repeated runs converge to
highly similar solutions rather than spreading across distinct modes.

As shown in Fig. S3(a), all recovered quantities, including Jones energy, incoherent power
β, depth, and velocity, remain highly consistent across random initializations. The mean and
standard deviation across trials show only small run-to-run variation, indicating reliable conver-
gence under this measurement setting. Fig. S3(b) further visualizes the recovered solutions in the
Jones-energy–β plane. The solutions from different trials are tightly clustered in a small region,
suggesting that the optimizer converges to highly similar solutions rather than spreading across
distinct local modes. This analysis provides empirical evidence of stability for the tested captured
measurement, but it is not a theoretical guarantee that local minima or stronger ambiguities
cannot occur in all scenes, SNR levels, or scattering conditions.

F. Implementation Details

Optimization settings. We use Adam with learning rate 10−2 and weight decay 10−4. Each
per-pixel solve runs for 100 iterations using all available time samples. We clip the gradient norm
to 1.0 for stability. The group-sparsity weight is set to λreg = 0.6 unless otherwise stated. Jones
volumes are initialized with small complex Gaussian noise (standard deviation 10−5 for both real
and imaginary parts).

FFT acceleration. To avoid recomputing Doppler-modulated transmitted waveforms during
optimization, we precompute the FFT of the transmitted signal for all Doppler bins once per pixel.
We use an FFT length Nfft = T + P − 1 to implement linear convolution, where T is the number
of time samples and P is the number of delay bins. This reduces the per-iteration cost to a small
number of FFTs and batched complex matrix multiplications.

2. POLARIMETRIC CALIBRATION

A. Experimental Validation of the Unitary Approximation for Jtx and Jrx

The Jones matrices Jtx and Jrx are complex 2 × 2 matrices. Directly optimizing the entries of these
matrices introduces redundant degrees of freedom and makes the joint reconstruction ill-posed.
We therefore impose a physically motivated constraint in our optimization because polarization
evolution in single-mode fibers and reciprocal passive optics is dominated by birefringent mixing
rather than diattenuation. Such transformations can be represented by unitary Jones matrices up to
a global phase. In this section, we provide an empirical justification that the reconstructed system
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paths are well-approximated by this unitary constraint, which motivates the parameterization in
Eq. (13) of the main text.

Preliminaries. With a rotatable linear polarizer Jpol(θ) inserted in the calibration path (Fig. 4(a)
in the main paper), the recovered round-trip Jones matrix is

J⋆(θ) = γ Jrx Jpol(θ) Jsurf Jpol(θ) Jtx, (S24)

where γ ∈ R+ absorbs polarization-independent system gain.

Lemma 1 (rank-1 structure of Jones matrix makes the output polarization state input-independent). Let
the inserted linear polarizer be Jpol(θ) = d(θ)d(θ)T with d(θ) = [cos θ, sin θ]T. Then the effect
of the forward and backward propagation through the polarizer collapses to a single, scaled
polarizer:

Jpol(θ) Jsurf Jpol(θ) = d(θ)
(
d(θ)TJsurfd(θ)

)
d(θ)T = s(θ) Jpol(θ), (S25)

where s(θ) ∈ C is a scalar. Substituting Eq. (S25) into Eq. (S24) gives

J⋆(θ) = γ s(θ) Jrx Jpol(θ) Jtx. (S26)

Because Jpol(θ) is an outer product, it has rank one for all θ. Since matrix multiplication cannot
increase rank, rank

(
J⋆(θ)

)
≤ 1 and J⋆(θ) is rank-1 whenever s(θ) ̸= 0.

This rank-1 structure implies that the output polarization state does not depend on the incident
polarization. Indeed, for any incident Jones vector Ein,

Eout(θ) = J⋆(θ)Ein = γs(θ) Jrxd(θ) d(θ)TJtxEin

= a(θ, Ein) Jrxd(θ), (S27)

where a(θ, Ein) ≜ γs(θ) d(θ)TJtxEin is a scalar. Therefore, after normalization, Eout(θ) is fully
determined by Jrxd(θ). This establishes that the Stokes trajectory observed on the Poincaré sphere
under a polarizer sweep reflects an intrinsic property of Jrx (rather than a particular choice of Ein),
providing a necessary condition for the subsequent unitary-model validation.

Lemma 2 (rigid rotation on the Poincaré sphere ⇔ unitary Jones operator). For a fully polarized
field, define the normalized Stokes vector s(E) ∈ R3 on the Poincaré sphere. A Jones transform
E′ = UE induces a Mueller transform on Stokes vectors. If U is unitary (up to a global phase),
then the induced Mueller matrix is a pure retarder and acts as a rigid rotation s(E′) = R s(E) with
R ∈ SO(3). Conversely, a polarization transform that preserves the degree of polarization and is
explainable by a single R ∈ SO(3) corresponds to a unitary Jones operator. Therefore, observing a
rigid rotation between input and output Stokes trajectories is evidence that the underlying Jones
operator is unitary.

Implication for Jrx and Jtx. By Lemma 1, sweeping θ produces a set of output states proportional
to Jrxd(θ) whose normalization is independent of the illumination. For an ideal input sweep, a
rotating linear polarizer traces an equatorial great circle on the Poincaré sphere (i.e., S3 = 0 with
varying azimuth). As shown in Fig. 4(b) of the main paper, the recovered output Stokes samples
remain well confined to a single plane; fitting this plane reveals that the locus is still a circle rather
than a distorted curve. This geometric invariance indicates a rigid transformation on the sphere,
consistent with a pure rotation R ∈ SO(3) as characterized in Lemma 2. We therefore model Jrx
as unitary up to a scalar gain absorbed into γ. The same argument applies to Jtx under the same
physical conditions (i.e., given a single-mode fiber and reciprocal passive optics), and in practice,
our joint calibration fits measurements from the transmitted and received paths using this unitary
constraint with low residual error.

Resulting parameterization. Motivated by the above, we parameterize Jtx and Jrx using the unitary
form in Eq. (13) of the main paper, which enforces U†U = I by construction and reduces the
number of calibration variables to three real parameters for each transmitted and received path.

Quantification of residual polarization-dependent loss. To further quantify the validity of the
polarization-loss-free approximation, we measure the polarization-dependent loss (PDL) of
the cascaded optical path using the isolated internal round-trip reflection as a reference response,
as shown in Fig. S4. The optical modem transmits a dual-polarization random-modulated se-
quence containing 65,600 complex Jones samples, which spans a broad set of input polarization
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Fig. S4. Experimental quantification of the residual polarization-dependent loss of the cas-
caded optical path. (a) The transmitted Jones vector sequence spans a broad set of input po-
larization states on the Poincaré sphere, providing diverse excitation for probing the system
polarization response. (b) Correlating the received waveform with the known transmitted
waveform yields a time-resolved response, where the dominant internal round-trip echo is
clearly separated from the later surface return in depth. (c) Effective PDL measured from the
recovered internal-echo Jones matrix over 256 repeated measurements. The mean PDL is ap-
proximately 1.19 dB, with a standard deviation of 0.21 dB, indicating that the cascaded path is
not perfectly polarization-loss-free but exhibits only modest residual diattenuation.

states. We correlate the received waveform with the known transmitted waveform to isolate the
dominant internal echo in depth, reconstruct the corresponding round-trip Jones matrix, and
compute its PDL from the singular-value ratio. Across 256 repeated measurements under the
same configuration, the measured residual PDL of the cascaded optical path is approximately
1.19 ± 0.21 dB, which is small relative to the dominant polarization mixing and is consistent with
the unitary approximation used in our calibration model.

B. Global-Phase-Invariant Calibration in Mueller Domain
Global phase ambiguity in repeated coherent measurements. In our coherent receiver, each Jones
response J⋆(θn) is estimated from a measurement acquired at a different time. Due to interfer-
ometric phase drift between the local oscillator and the signal (e.g., path-length fluctuations,
laser frequency noise, and LO–signal phase wander), the recovered Jones response is typically
corrupted by an unknown global phase:

J⋆(θn) = ejϕn J̃(θn), (S28)

where ϕn ∈ R varies across measurements and J̃(θn) denotes the underlying physical response.
This ambiguity keeps the relative amplitudes and relative phase between the two orthogonal
polarization components unchanged. However, if we define the calibration loss directly in the
Jones domain, the unknown ϕn induces large, artificial discrepancies between J(θn; Θ) and J⋆(θn)
and can prevent convergence.

Figure S5 empirically visualizes this ambiguity under repeated measurements with identical
geometry. As shown in Fig. S5(a), each complex entry of the reconstructed Jones matrix traces an
approximately circular locus in the complex plane across 256 trials, consistent with a multiplicative
global phase factor ejϕn that rotates all elements by the same angle. In contrast, Fig. S5(b) shows
that phase-invariant polarimetric quantities extracted from J⋆—including the singular values
(hence diattenuation), as well as retardance and orientation—remain tightly clustered across trials,
indicating that the underlying physical polarization response J̃(θn) is stable and only the global
phase varies.

Mueller mapping removes global phase by construction. Polarization in our measurements is sum-
marized by second-order field moments captured in the coherency matrix. Since a global phase
factor does not change these moments, the Mueller representation induced by a Jones matrix
is inherently invariant to the global phase of J. We therefore use Mueller-domain objectives for
calibration to avoid phase ambiguity. Let Cin = E[EinE†

in] be the input coherency matrix. A Jones
transformation produces

Cout = E[EoutE†
out] = J Cin J†. (S29)
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(a) Jones matrix elements (b) Polarimetric parameter statistics

Fig. S5. Global phase drift across repeated coherent reconstructions. We repeat the same ac-
quisition 256 times at a single scan point on a dielectric surface under identical geometry, and
reconstruct the corresponding surface Jones matrices J for each repeat. (a) Each complex Jones
element traces an approximately circular locus in the complex plane, indicating that trial-to-
trial variation is dominated by an unknown global phase factor. (b) In contrast, phase-invariant
polarimetric descriptors (Jones matrix singular values, retardance, orientation, and diattenu-
ation) remain tightly clustered across repetitions, showing that the underlying polarization
response is stable.

If the Jones matrix is multiplied by a global phase ejϕ, then

(ejϕJ)Cin (ejϕJ)† = ejϕe−jϕ J Cin J† = J Cin J†, (S30)

so the output coherency matrix is invariant to the global phase.
The Stokes vector provides a real-valued parametrization of the coherency matrix, collecting its

projections onto the Pauli basis and encoding the same second-order polarization information.
The Mueller matrix M(J) is the corresponding real 4 × 4 linear operator that maps input Stokes
vectors to output Stokes vectors: sout = M(J)sin. Equivalently, the standard Jones-to-Mueller
construction can be written as

M(J) = A
(
J ⊗ J∗

)
A−1, (S31)

where ⊗ denotes the Kronecker product, (·)∗ denotes element-wise complex conjugation and A
is a fixed change-of-basis matrix between the Pauli basis and the Stokes basis:

A =
1√
2


1 0 0 1

1 0 0 −1

0 1 1 0

0 −i i 0

 . (S32)

Under a global phase, J′ = ejϕJ yields

J′ ⊗ J′∗ = (ejϕJ)⊗ (e−jϕJ∗) = J ⊗ J∗, ⇒ M(J′) = M(J), (S33)

which matches the coherency argument above.

Implication for the calibration objective. Because M(J) is invariant to the measurement-dependent
global phase factors in Eq. (S28), defining the calibration loss in the Mueller domain eliminates
this ambiguity. This justifies the objective in Eq. (14), where we minimize discrepancies between
predicted and measured responses in Mueller space, thereby fitting only physically observable
polarimetric behavior while remaining agnostic to interferometric phase drift.
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Table S1. Evaluation of calibration angle number on reconstruction accuracy. We reduce the
number of linear-polarizer calibration angles (columns 1–2) while keeping the same held-out
polarizer test angles (column 3), and report reconstruction error as Mueller-matrix MSE and

Stokes-vector MSE (columns 4–5).

Number of
Calibration Angle

Calibration
Angles (deg)

Test Angles (deg) Mueller MSE Stokes MSE
(S1,S2,S3)

19 [0–180]/10 [5–185]/10 0.0040 0.0044

10 [0–180]/20 [5–185]/10 0.0043 0.0048

7 [0–70]/10 [5–185]/10 0.0049 0.0058

4 [20,60,130,170] [5–185]/10 0.0050 0.0063

3 [0,80,160] [5–185]/10 0.0076 0.0142

2 [0,80] [5–185]/10 0.0075 0.0112

Note: Stokes metrics are computed with input polarization Ein = [1, j]. The last two rows with gray background indicate

settings that lead to failed or unstable reconstructions.

(a) Loss convergence (b) Estimation consistency of (c) Estimation consistency of

Fig. S6. Repeatability of polarimetric calibration under random initialization. We evaluate
the reproducibility of the calibration optimization by running the same measurement set with
different random seeds. (a) Loss convergence across trials: all runs converge to the same opti-
mum. (b–c) Estimation consistency of Jtx and Jrx: we compute diattenuation, retardance, and
orientation from the estimated Jones matrices and observe nearly identical values across runs,
with extremely small standard deviations.

C. Evaluation of Calibration Model Optimization
Evaluation of calibration efficiency. We progressively reduce the number of linear-polarizer (LP)
calibration angles from 19 down to 2 and measure the impact on reconstruction accuracy. For
each setting, we keep the test protocol fixed: we reconstruct M(J) and the corresponding Stokes
vectors on the same held-out set of 19 LP angles uniformly spanning 5◦–185◦ (10◦ increments), and
compare them to analytical ground truth from the ideal LP model (with a fixed input Ein = [1, j]T).
Table S1 reports the mean-squared error (MSE) in both the Mueller and Stokes domains. Reducing
the calibration set from 19 to 4 angles yields only a marginal increase in error, whereas using 3
or 2 angles causes a noticeable rise in Stokes error, suggesting that four calibration angles are
sufficient for near-optimal performance in our setup.

Evaluation of calibration repeatability. To evaluate the reproducibility of our polarimetric calibra-
tion, we rerun the optimization 10 times on the same measurement set with different random
initializations. As shown in Fig. S6(a), all trials converge to the same final loss value, indicat-
ing a stable optimum. Moreover, the estimated transmit- and receive-path Jones matrices are
highly consistent across runs: Fig. S6(b–c) reports the diattenuation, retardance, and orientation
extracted from Jtx and Jrx, respectively, showing nearly identical per-run values with extremely
small standard deviations. Together, these results demonstrate that our calibration procedure is
repeatable and insensitive to random initialization.
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